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1. INTRODUCTION 
Let X be a complete metric space with metric d and let T be a 
multivalued mapping of X into the family U(X) of all nonempty closed 
bounded subsets of X. Denote by H the Hausdorff metric with respect o d. 
Then, T is called contractive if there exists a real number k with 0 d k < 1 
such that H( TX, Ty) < kd(x, y) for all x, y E X. As is well known, a fixed 
point theorem for multivalued contractive mappings was established by 
Nadler [IS]. This is a generalization of the Banach contraction principle. It 
is also shown in [9] that a mapping T of X into the family K(X) of all 
nonempty compact subsets of X has a fixed point if it satisfies H( TX, Ty) < 
k(d(x, y)) d(x, y) for all x, y E X with x #y, where k is a function of (0, co) 
to [0, 1) with limsup,,,, k(r) < 1 for every t E (0, 00). Furthermore, 
Reich [lo] posed the question whether this result holds when T is a 
mapping of X into CB(X) instead of K(X). 
On the other hand, Ekeland [4, 51 obtained a minimization theorem, 
often called the s-variational principle, for proper, bounded below and lower 
semicontinuous functions on complete metric spaces, which is an abstrac- 
tion of a lemma due to Bishop and Phelps [2]. Caristi [3] also proved a 
fixed point theorem on complete metric spaces, which is equivalent to 
Ekeland’s minimization theorem and is useful to prove fixed point 
theorems for weakly inward mappings on normed vector spaces. 
In this paper, we first obtain a multivalued version of Caristi’s fixed 
point theorem, which is equivalent to the s-variational principle due to 
Ekeland. Then, we make use of the result to obtain a theorem which 
deduces Nadler’s theorem and a common fixed point theorem for a single- 
valued mapping and a multivalued mapping. Next, by using Caristi’s fixed 
point theorem, we prove the existence of fixed points for multivalued 
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weakly inward mappings in the case when values of mappings are bounded 
closed sets, which was established in [ 1 l] in the case when values of 
mappings are compact sets. Finally, we try to give an answer to the 
question in [lo] as stated above. 
2. CARISTI'S FIXED POINT THEOREM 
We begin with stating the following two results [3,4] which are well 
known and very useful. The results were obtained independently and later 
observed to be “equivalent”. 
CARISTI'S FIXED POINT THEOREM. Let X be a complete metric space with 
metric d and let f be a mapping of X into itself such that 
d(x,f(x))+$(f(x))d$(x) foreachxEX 
where $ is a bounded below and lower semicontinuous function of X into 
(- 00, + co). Then f has a fixed point, that is, there exists z E X such that 
f(z) = z. 
EKELAND'S THEOREM (s-variational Principle). Let X be a complete 
metric space with metric d and let $ be a proper, bounded below and lower 
semicontinuous function of X into (- co, + m]. For any E > 0, take u E X 
with $(u) ,< inf { $(x): x E X) + E. Then there exists u E X such that 
(1) 1cl(u) Q NU)> 
(3) d(u, u) G 1, 
(3) $(x)>+(u)-ed(u,x)forallx~Xwithx#u. 
By using Caristi’s fixed point theorem, we first obtain a fixed point 
theorem for multivalued mappings. 
THEOREM 1 [3]. Let X be a complete metric space with metric d and let 
T be a mapping of X into the family of all nonempty subsets of X such that 
for each x E X, there exists y E TX satisfying 
+(Y) + 4x> Y) G $(x), 
where 1+5 is a proper, bounded below and lower semicontinuous function of X 
into (- co, + co]. Then T has a fixed point, that is, there exists z E X such 
that z E Tz. 
Proof: For each x E X, we put f (x) = y, where y is an element of X such 
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that y E TX and $(y) + d(x, y) 6 $(x). Then, f is a mapping of A’ into X 
satisfying 
W(x)) + 4xJlx)) G ti(x) 
for every x E X. Since II/ is proper, there exists u E X with $(u) < + co. So, 
let 
x’ = {XE x: l)(x) < rc/(u) - d(z.4, x }. 
Then, X’ is nonempty and closed. We can also see that x’ is invariant 
under the mapping $ In fact, for each x E X’, we have 
W(x)) + 4x,f(x)) 6 WIG Ii/(u) - 4u7 xl 
and hence 
w-(x)) G rc/(u) - (44 xl + %f(x))} 
G $(u) - 4u,f(x)). 
This implies f(x) E X’. Now, using Caristi’s fixed point theorem, we obtain 
z E A” such that z =f(z) E Tz. 
By using Theorem 1, we try to prove Ekeland’s theorem, 
Proof of Ekeland’s Theorem. Let E > 0 be given and choose UE X 
satisfying 
Il/(u)<inf{$(x):x~X} +E. 
Putting x’ = (x E X: $(x) 6 $(u) - d( E u, x)), x’ is nonempty. By the lower 
semicontinuity of $, x’ is a closed subset of X and hence a complete metric 
space. For each x E X’, let 
and then define 
if Sx=@ 
if Sx#@. 
Then T maps A” into the family of all nonempty subsets of A”. Indeed, 
TX = x E X’ if Sx = fzI. Since TX = Sx if not, we have, for every y E TX, 
Ed( U, J’) < Ed( U, X) + Ed@, y) 
G Ii/(u) - $(x) + Ii/(x) - NY) 
=$(u)-+(Y) 
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and hence y E X’. We also have, for each x E X’ and y E TX, 
So, from Theorem 1, T has a fixed point u in X’. Consequently, Sv = 0, 
i.e., Ii/(x) > Ii/(v) -sd(u, x) for every XE X with x # u. By DE X’, we also 
obtain 
Further. we have 
<$(u)-inf{ij(x):xEX}<E 
and hence d( U, u) d 1. This completes the proof. 
By using Theorem 1, we also obtain a fixed point theorem generalizing 
Nadler’s theorem [S]. Before obtaining it, we give some definitions and 
notations. Let X be a metric space with metric d. Then, for XE X and 
A c X, d(x, A) = inf(d(x, y): y E A }. We also denote by U(X) the class of 
all nonempty bounded closed subsets of X and by K(X) the class of all 
nonempty compact subsets of X. Let H be the Hausdorff metric with 
respect to d, i.e., 
H(A, B) = max {sup d(u, B), sup d(u, A)} 
for every A, BE CB(X). Then, a mapping T of X into CB(X) is said to be 
k-contractive if there exists k < 1 such that H( TX, Ty) < kd(x, y) for all x, 
y E X. If for any x, y E X, H( TX, Ty) 6 d(x, y), T is called nonexpansive. If 
T is nonexpansive or k-contractive, the real valued function g on X defined 
by 
g(x) = 4x2 TX) for every x E X 
is continuous. For E > 0, we also define a mapping T,: X -+ CB(X) by 
T,(x)=(y~Tx:d(x,y)<(l+~)d(x, TX)} 
for each XE X. If T is k-contractive, then for any positive number 
E < l/k - 1, T,x is nonempty for every x E X. 
We apply Theorem 1 to fixed point theorems for contractive mappings 
on complete metric spaces. 
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THEOREM 2. Let X be a complete metric space and let T be a k-contrac- 
tive mapping of X into CB(X). If f or a nonempty closed subset K of X, there 
exists a positive number E < l/k - 1 with T,x n K # Cp for all x E K, then T 
has a fixed point in K. 
Proof: Putting Sx = T,x n K for each x E K, S is a mapping of K into 
CB(K) since T,x n K is a nonempty bounded closed subset of K. For each 
x E K, we can also choose y E Sx satisfying 
Since 
d(x, y) d (1 + E) d(x, TX). 
d(y, Ty)dff(Tx, Ty)dkd(x,y), 
we have 
d(x, TX)-d(y, Ty)ad(x, Tx)-kd(x, y) 
Defining II/ : K + R by 
$(x)=(&-k)-‘d(x, TX) forall XEK, 
it follows that d(x, y) < e(x) - $(y) f rom the above inequality. Now, using 
Theorem 1, we obtain u E K such that u E SM. This implies u E TM n K. 
As a direct consequence of Theorem 2, we obtain the following: 
COROLLARY 1 [S]. Let X be a complete metric space and let T be a 
k-contractive mapping of X into CB(X). Then T has a fixed point. 
ProoJ: For any positive number E < l/k - 1, T,x n X is nonempty for 
every x E X. So, using Theorem 2, we obtain z E X with z E Tz. 
By using Theorem 2, we also get a common fixed point theorem for a 
single-valued mapping and a multivalued mapping in a Banach space. 
Let g be a mapping of a metric space X into itself such that the set F(g) 
of fixed points of g is nonempty. Then g is called quasi-nonexpansive if
d(g(x), y) Q d(x, y) for all x E X and y E F(g). For a mapping T of X into 
CB(X) and a mapping g of X into X, g and T are said to commute if 
g(Tx) c T(g(x)) for all XE X; see [6, 71. 
409.‘141:1- 
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THEOREM 3. Let K be a closed convex subset of a uniformly convex 
Banach space, let g be a quasi-nonexpansive mapping of K into itself, and let 
T be a k-contractive mapping of K into CB(K) such that TX is convex for 
each x E K. If g and T commute, then there exists z E K with gz = z E Tz. 
Proof Since g is quasi-nonexpansive, it is obvious that F(g) is closed. 
In fact, let z, + z and z, E F(g). Then we have 
dk(z), z) d 4&L dz,)) +4&J> z) 
=4&l, z,) + d(z,, z) 
< 2d(z, z,) + 0. 
Let x E F(g). Since the space is uniformly convex, there uniquely exists 
y E TX such that 11 x-y )I = d(x, TX), i.e., y E T,x for any positive number 
E < l/k - 1. On the other hand, since 
II g(v)-XII G II Y-XII =4x, 7’~) 
and g and T commute, we have 
g(y) E.dTx) c-z TMx)) = TX, 
and hence g(y) = y. This implies T,x A F(g) # /zr for each x E F(g). Now, 
using Theorem 2, we obtain z E K with gz = z E Tz. 
3. REICH'S FIXED POINT THEOREMS 
In this section, we first consider the existence of fixed points for multi- 
valued weakly inward mappings in Banach spaces. Let K be a subset of a 
Banach space X, and for any x E K, define the inward set ZK(x) of x with 
respect to K by 
Then a mapping f: K + X is said to be weakly inward if f (x) E IK(x) for 
each x E K, where for A c X, d means the closure of A. We also say that 
a mapping T of K into the family of nonempty subsets of X is weakly 
inward if TX c ZK(x) for each x E K. The following result was shown in [3]: 
Let K be a convex subset of a normed vector space X and f: K + X. Then 
f is weakly inward if and only if 
lim d((l -h)x+hf(x), Wzo for all x E X. 
h-O+ h 
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On the other hand, Reich [ 111 proved a fixed point theorem for multi- 
valued weakly inward k-contractive mappings of a closed convex subset K 
of a Banach space E into K(E). In the case when multivalued mappings are 
of K into C&X), we obtain the following: 
THEOREM 4. Let K be a closed convex subset of a Banach space E and 
let T: K + CB(E) be k-contractive. If for each x E K, 
lim d((l -hb+kK)=O 
h 
uniformly for z E TX, 
h-tot 
then T has a fixed point. 
Proof: Choose real numbers k’ and q such that k < k’ < 1,0 <q < 1, 
and k’< (1 -q)/(l + q). Suppose that T has no fixed point, i.e., 
d(x, TX) >O for all XE K. For each XE K, take E > 0 such that 
qd(x, TX) -~d(x, TX) >O. From the assumption, there exists h with 
0 < h < 1 satisfying 
d(( 1 - h) x + hz, K) < h(q -E) d(x, TX) 
for all z E TX. Choose z E TX with 
/Ix-z /I < d(x, TX) + hsd(x, TX). 
For such a z, take y E K such that 
l/(1-h)x+hz-yII <h(q-&)d(x, TX). (*I 
Putting w=(l-h)x+hz, we have 
I( w -y I( < h(q - E) d(x, TX) d hq /I x-z /I - hsd(x, TX) 
=q IIw--XII -h&d(x, Tx)<q I/w-XII 
and hence 
II x-y II Q II x - w II + II w -Y II < II x - w II + 9 II w -x II 
=(I +q)llw-XII. 
Let E’ = ${k’ /Ix-y /I - H(Tx, Ty)}. Then, since T is k-contractive and 
x # y by ( * ), we have e’ > 0. Choose a E TX and b E Ty satisfying 
11 w - a I( < d(w, TX) + E’ and IIa-bll <H(Tx, Ty)+&‘. 
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Then we have 
4~9 TY) Q II y-b II < II Y - w II + II w-a II + II a-b II 
< 11 y-WI1 +d(W, TX)+E’+H(TX, Ty)+E’ 
dll Y-WI1 + Ilw--zII +k’ IIX-Yll 
= II Y-4 + I/x--zII -h II+-zII +k’ Ilx-yll 
= IIY-wll+ IIX--zll- IIW-XII +fk’ IIX-yll 
< q /I W -X 11 - hEd(X, TX) + 11 X - Z 11 
- IIW--XII +k’ IIX-Yll 
=(q-l)IIw-XII + lx-ZII -hed(x, Tx)+k’ Ilx-yll 
<s llx-Yll +4x, Tx)+k’ Ilx--Yll 
=4x, Tx)-r Ilx-Yll, 
where r = (1 - q)/( I+ q) - k’. how, for each x E K, denote y E K as above 
by f(x). Then, putting $(x) = (l/r) d(x, TX), II/ : K -+ R is continuous and 
II x -fb)ll < cc/(x) - $(.f(x)). (**I 
From Car&i’s fixed point theorem, f has a fixed point. This contradicts the 
inequality (**). This completes the proof. 
In [lo], Reich also posed the following question: Let X be a complete 
metric space with metric d and let T: X-r CB(X) satisfy H( TX, Ty) < 
k(d(x, y)) d(x, y) for all x, y E X with x #y, where k is a function of (0, co) 
into [0, 1) with lim supr+ ,+ k(r) < 1 for each t E (0, co). Then, does T have 
a fixed point? It is known that T has a fixed point by [9] when T is a map- 
ping of X into K(X) and by [8] when k is a constant function. We give an 
answer to Reich’s question under the hypothesis of “lim sup,, I+ k(r) < 1 
for every t E [0, co).” 
THEOREM 5. Let X be a complete metric space with metric d and let 
T: X -+ CB(X) satisfy 
WTx, Ty)dk(db,y)) d(x,y) forall x,yEXwithx#y, 
where k is a function of (0, 00) to [0, 1) such that lim sup,, (+ k(r) < 1 for 
every t E [0, a). Then T has a fixed point. 
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Proof Suppose that T has no fixed point, i.e., d(x, TX) > 0 for all x E X. 
From the assumption, for any t > 0, there exist positive numbers M(t) and 
e(t) such that k(r) 6 M(t) < 1 for all r with t < r < t + e(t). Take any x, E X 
and put t, = d(x,, TX,). In the case when d(x,, TX,) < d(x,, y) for all 
y E TX,, choose a positive number d(t,) such that 
and then put 
E(x,) = min 
Then, there exists x2 E TX, such that 
d(x,,x,)<d(x,, Tx,)+~x,)~x,, Tx,)=(~+~x,))~(x,, TX,). 
Note that x, #x2 by the hypothesis that T has no fixed point. Since 
4x,, Wb WTx,, Tx,)<k(d(x,, x,))d(x,, x,), 
we have 
4x,, TX,) - 6, TX,) 
34x,, TX,)-k(d(x,,.x,))d(x,,x,) 
1 
> 
1 +4x,) 
4x,, xd - Ud(x,, xz)) 4x,, ~2) 
Further, 
t,=d(x,, Tx,)<d(x,,x,)<d(x,, Tx,)+~(x,)d(x,, TX,) 
dt,+d(t,)<t,+e(t,). 
So, k(d(x,, x2)) < M(t,) < 1. From 
d(t,) 1 &(X&y<-- 1 
L Wt,) ’ 
we have l/(l+~(x,))>M(t,) and hence 
1 
1+4x,) 
- Wd(x, > xz)) > 0. 
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In the case when d(x,, Tx,)=d(x,,x,) for some x,~Txi, we have 
4x1, TX,) - 4x2, TX,) 
2d(x,, TX,)-H(Tx,, Txz) 
34x1, TX,)-k(d(x,, XZ))4X,,XJ 
= {1-44x, 3 x2,)) 4X,? x2). 
Next, Let t, = d(x,, TX,). In the case when d(x,, TX*) <d(x,, y) for all 
YE TX,, for e(tz) and M(t2), choose d(t2) with 
O<d(td<min {e( ,), (A- 1) h} 
and set 
s(xZ)=min 
i 
4t2) 1 t, - - -- 1 
1 t,‘2’t, . 
In the same method as above, we obtain x3 E TX, satisfying 
Wz, x,)<(l+4xJ)d(x~t TX,) 
and 
4x,, TX,)-@,, TX,)> 
1 
1 + Gd 
> 0. 
From &(x2)< t,/t,- 1, it follows that 
d(x,,xd < (1 + +A) 4x,, Txz) < 4x,, TX,) < 4x,, x1). 
In the case when d(x,, TX,) = d(x,, x3) for some x3 E TX,, we also have 
4x, 3 %)-4x,, TX,)> {1-44x,, x,1,> d(x,,x,)>O 
and 
4x,, x,)=4x,, TX,)<@,, TX,)<+,, xz). 
Thus, we can inductively construct a sequence {xn} in X with x,+ i E TX,, 
(n = 1, 2, . ...) such that {d(x,, x,+ ,)> and {d(x,, TX,)} are decreasing 
sequences of positive numbers and 
4x,, TX,)-4x,+,, TX,,,) 
-4d(x,>x,+, 1)) 4x,, x,+ I), 
FIXED POINT THEOREMS 187 
where 6(x,) is a real number with 066(x,)< l/n (n = 1,2, ..,,). Then, the 
decreasing sequence { d( x,, x, + r )} of positive numbers converges to a 
nonnegative number. By the assumption, 
limsupk(d(x,,x,+,))< 1. 
n-5 
Putting u, = l/( 1 + 6(x,)) -k(d(x,, x,+ ,)) (n = 1,2, ) we have ..., > 
lim inf a, > lim 
1 
- lim sup k(d(x,, x,+ 1)) > 0 
n-r n-cc 1 +&TJ n--to3 
and hence there exists b > 0 such that 
d(x,> TX,)-d(x,+l, Tx,+l)2bd(x,,x,+I) 
for large enough n. Noting that the decreasing sequence (d(x,, TX,)) of 
positive numbers is convergent, we have 
m-1 
4x,7 x,) d c 4x,, x,+ ‘1 
j=n 
<fyf#' {d(xj, Txj)-d(xj+,, TX,+,)} 
/=n 
=; {d(x,, TX,)-d(x,, Txm)} +o 
as m, n -+ co, and hence the sequence ix,,> in X converges to some X~E X. 
If x0 # x,, then 
ff(Tx,, TX,) G k(4x,, 4) 4x,,, x,) G 4x,, x,1, 
and if x,,=x,, then H( TX,, TX,) d d(x,, x,). Therefore, it follows that 
x0 E TX, from Lemma 2 of [ 11. This contradicts that T has no fixed point. 
This completes the proof. 
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